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Abstract
In this paper, we discuss some properties of relations between a mixed graph and its line
graph, which are used to characterize the Laplacian spectrum of a mixed graph. Then we
present two sharp upper bounds for the Laplacian spectral radius of a mixed graph in terms of
the degrees and the average 2-degrees of vertices and we also determine some extreme graphs
which attain these upper bounds.
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1. Introduction
Let V be a set of order n. Denote by V × V = {(u, v) | u, v ∈ V } and  =
{(u, u) | u ∈ V }. Let E ⊆ V × V . Then G = (V ,E) is called a mixed graph (see
[1], for example). If (u, v) ∈ E and (v, u) ∈ E, then G has an unoriented edge uv.
If (u, v) ∈ E and (v, u) /∈ E, then G has an oriented edge u→ v, where u and v
are called the positive and negative ends of u→ v, respectively. If (u, u) ∈ E, then
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G has an unoriented loop at u. Hence, in a mixed graph, some of the edges have
a specified positive and negative ends, while others do not. If e is an edge in G,
let ec be an edge obtained from e by orienting (either direction) the edge e if e is
unoriented or by unorienting e if e is oriented. Denote by Ec = {ec | e ∈ E}. The
graph G˜ = (V ,E ∪ Ec), which is a mixed graph without oriented edges, is called
the underlying graph of G and Gc = (V ,Ec) is called the complement of G in G˜.
Clearly, mixed graphs here in contain both the classical approach of orienting all
edges [5] and the unoriented approach [6] as extreme cases. However, it should be
stated that our mixed graphs are considered as the underlying graphs in terms of
defining paths, connectivity and bipartition.
Let G = (V ,E) be a mixed graph. We denote by du, d+u , d−u the number of
unoriented edges incident to a vertex u, oriented edges incident to the positive end
u and the negative end u, respectively. Denote by δu = 1 or 0 if there is a loop at
u or not. Then cu = du + d+u + d−u + δu is the degree of a vertex u. The incidence
matrix of G (see [1], for example) is defined to be M(G) = (mu,e), where mu,e =
1, if u is incident to an unoriented edge e or u is the positive end of an oriented
edge e; mu,e = −1 if u is the negative end of an oriented edge e; mu,e = 2 if e is
loop at u; mu,e = 0 otherwise. Then L(G) = M(G)M(G)t = (lu,v) is the Lapla-
cian matrix of a mixed graph G, where M(G)t is the transpose of M(G). Since
L(G) is symmetric and positive semidefinite, the eigenvalues of L(G) can be de-
noted by λ1(L(G))  λ2(L(G))  · · ·  λn(L(G))  0, which are called the La-
placian spectrum of a mixed graph G. Moreover, λ1(L(G)) is called the Laplacian
spectral radius of G. In particular, if G is a mixed graph without unoriented edges,
L(G) is the usual Laplacian matrix of a simple graph, which has been extensively
investigated for a long time. It has been established that there are a lot of relations
between the Laplacian spectrum and numerous graph invariants, including connec-
tivity, diameter, isoperimetric number, maximum cut, expanding property of a graph
(see, for example, [7,9,11] and the references therein). For many properties of mixed
graphs, reader may refer to [1,2,8] and the references therein.
This paper is organized as follows: some preliminaries and useful lemmas are
given in Section 2. In Section 3, we discuss some properties of relations between a
mixed graph and its line graph, which are used to characterize the Laplacian spec-
trum of a mixed graph. In Section 4, we present two sharp upper bounds for the
Laplacian spectral radius of a mixed graph in terms of the degrees and the average
2-degrees of vertices. Moreover, some extreme graphs which attain the upper bounds
are determined.
2. Preliminaries
Let G be a mixed graph and its adjacency matrix A(G) = (au,v), where au,v = 1,
if uv is an unoriented edge; au,v = −1 if u→ v or v → u; au,v = 0, otherwise, for
u /= v and au,u = 2δu. Hence we have the following simple result:
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Lemma 2.1. Let G = (V ,E) be a mixed graph and C(G) be the degree diagonal
matrix. Then
L(G) = C(G)+ A(G). (1)
Proof. If u /= v, then
lu,v =
∑
e∈E
mu,emv,e
=


1 if e = uv,
−1 if e = u→ v or e = v → u,
0 otherwise,
= au,v
= (C(G))u,v + (A(G))u,v.
If u = v, then
lu,u =
∑
e∈E
m2u,e
= du − δu + d+u + d−u + 4δu
= (C(G))u,v + (A(G))u,v.
So equality (1) holds. 
A mixed graph is called quasi-bipartite if it does not contain a nonsingular cycle,
i.e., a cycle containing an odd number of unoriented edges (see [1]). The following
lemma is essentially proved in [1].
Lemma 2.2. Let G = (V ,E) be a connected mixed graph. Then λn(L(G)) = 0 if
and only if G is a quasi-bipartite graph without loop.
Proof. Let x = (xu, u ∈ V ) be a column nonzero vector. Then the quadratic form
of L(G) is
xtL(G)x =
∑
e=uv
(xu + xv)2 +
∑
e=u→v or v→u
(xu − xv)2 +
∑
e is loop at u
4x2u.
(2)
Hence λn(L(G)) = 0 if and only if there exists a nonzero column vector x such that
xu = −xv for e = uv; xu = xv for e = u→ v or v → u; xu = 0 if e is a loop at u.
Choosing a vertex w ∈ V , let V1 = {u, xu = xw} and V2 = {u, xu = −xw}. Since G
is connected, xu /= 0 for each u ∈ V . Hence V1 and V2 are a partition of V . More-
over, every edge between V1 and V2 is unoriented and every edge within V1 or V2 is
oriented. Therefore the assertion follows from Theorem 4 in [1]. 
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A mixed graph G = (V ,E) is called pre-bipartite if there exists a partition
V (G) = V1 ∪ V2 such that every edge between V1 and V2 is oriented and every edge
within V1 or V2 is unoriented. Then by Theorem 4 in [1], it is easy to show that G is
pre-bipartite if and only if Gc is quasi-bipartite. Let X = (xij) be a complex matrix
of order n. Denote by |X| = (|xij|) a nonnegative matrix whose entries are given by
|xij|. Moreover, if X is a Hermitian matrix, denote by λ1(X) the largest eigenvalue
of X.
Lemma 2.3. Let G be a connected mixed graph. Then G is pre-bipartite if and only
if λ1(L(G)) = λ1(|L(G)|).
Proof. If G is pre-bipartite, then there exists a partition of V (G) = V1 ∪ V2
such that every edge between V1 and V2 is oriented and every edge within V1
or V2 is unoriented. Let X = diag(xu, u ∈ V (G)) be the diagonal matrix whose
diagonal entries xu = 1 if u ∈ V1; and xu = −1 if u ∈ V2. It is easy to see that
L(G) = X−1|L(G)|X. Then λ1(L(G)) = λ1(|L(G)|). Conversely, since G is con-
nected, |L(G)| is an irreducible nonnegative matrix. By Wielandt’s Theorem (see
[3, Theorem 2.2.14], for example), there exists a diagonal matrix U = diag(xu, u ∈
V (G)) = diag(eiϕu, u ∈ V (G)) such that L(G) = eiϕU |L(G)|U−1, where ϕu is real
and i2 = −1. Without loss of generality, we may assume that U has at least one
real entry on the main diagonal. By comparing with both sides of the equation, we
have eiϕ = 1 and the diagonal entries of U are 1 or −1. Let V1 = {u, xu = 1} and
V2 = {u, xu = −1}. Then, for any (u, v) ∈ E, we have au,v = −1 if u ∈ V1, v ∈ V2
or u ∈ V2, v ∈ V1; au,v = 1 if u, v ∈ V1 or u, v ∈ V2. Hence G is pre-bipartite. 
3. The line graph of a mixed graph
Let G = (V (G),E(G)) be a mixed graph without loop. The line graph of G is de-
fined to be Gl = (V (Gl), E(Gl)), where V (Gl) = E(G). For ei, ej ∈ V (Gl), eiej
is an unoriented edge in Gl if ei, ej are unoriented edges in G and have a common
vertex, or one of ei, ej is oriented edge in G and their common vertex is the positive
end of the oriented edge, or both ei and ej are oriented edges in G and their common
vertex is their common positive (or negative) end; ei → ej is an oriented edge in
Gl , where ei and ej are the positive and negative ends of ei → ej , respectively, if
ei is an unoriented edge, ej is an oriented edge in G and their common vertex is the
negative end of ej , or both ei and ej are oriented edges in G and their common vertex
is the positive and negative ends of ei and ej , respectively. Obviously, Gl is a mixed
graph without loop. The entries of the adjacency matrix A(Gl) = (bei ,ej ) of Gl are
given by bei ,ej = 0 for ei = ej ; bei ,ej = 1 if eiej is an unoriented edge, bei ,ej = −1
if ei → ej or ej → ei and bei ,ej = 0 otherwise, for ei /= ej . Moreover, for a mixed
graph, K(G) = M(G)tM(G) is called the edge version of the Laplacian matrix of
G (see [2], for example).
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Lemma 3.1. Let G be a mixed graph without loop. Then
K(G) = 2Im + A(Gl), (3)
where Im is the identity matrix and m is the number of edges in G.
Proof. Denote by K(G) = (kei ,ej ). For ei /= ej , we have kei ,ej =
∑
u∈V (G) mu,ei
mu,ej = 1, if ei, ej are unoriented edges in G and have a common vertex, or one
of ei, ej is oriented edge in G and their common vertex is the positive end of the
oriented edge, or both ei and ej are oriented edges in G and their common vertex is
their common positive (or negative) end; kei ,ej = −1 if one of ei and ej is oriented
edge in G and their common vertex is the negative end of the oriented edge, or both
ei and ej are oriented edges in G and their common vertex is the positive end of one
oriented edge and the negative end of the other oriented edge; kei ,ej = 0 otherwise.
For ei = ej , kei ,ej = 2. Hence (3) holds. 
We are ready to present several characterizations of pre-bipartite graphs.
Theorem 3.2. Let G be a connected mixed graph without loop. Then the following
statements are equivalent:
(i) G is pre-bipartite;
(ii) Gl is pre-bipartite;
(iii) λ1(L(G)) = λ1(|L(G)|);
(iv) λ1(A(Gl)) = λ1(|A(Gl)|);
(v) L(G) is similar to |L(G)|.
Proof. It follows from Lemma 2.3 and its proof that (i), (iii) and (v) are
equivalent. On the other hand, we can prove that (ii) and (iv) are equivalent by
a similar argument as used in Lemma 2.3. We now prove that (iii) and (iv) are
equivalent. Clearly, M(G)M(G)t and M(G)tM(G) have the same nonzero eigen-
values. By Lemma 3.1, we have λ1(A(Gl)) = λ1(K(G))− 2 = λ1(M(G)tM(G))−
2 = λ1(M(G)M(G)t)− 2 = λ1(L(G))− 2. Similarly, we have λ1(|A(Gl)|) =
λ1(|L(G)|)− 2. This finishes the proof. 
For the rest of this section, we discuss some properties of the line graphs of some
mixed graphs which are useful later.
Lemma 3.3. Let G be a mixed graph without loops. Then Gl is bipartite if and only
if each component of G is an even cycle or a path.
Proof. If each component of G is an even cycle or a path, it is clear that Gl is
bipartite. Conversely, if there exists a vertex u ∈ V (G) with cu  3, then Gl contains
a triangle. It is a contradiction. Hence the degree of each vertex in G is no more than
2. Moreover, G contains no odd cycle; otherwise Gl contains an odd cycle. So the
assertion holds. 
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Lemma 3.4. Let G be a connected mixed graph without loops. Then Gl is semi-reg-
ular (i.e., there exists a bipartite partition of Gl such that the degrees of all vertices
in each partitions are the same and Gl is not regular) if and only if G is a path of
order 4.
Proof. If G is a path of order 4, it is easy to see that Gl is semi-regular. Conversely,
let ei = (u, v) and ej = (v,w) be adjacent with cei /= cej . Then cu + cv − 2 /= cv +
cw − 2 which yields cu /= cw. By Lemma 3.3, for each u ∈ V (G), cu  2. Hence we
may assume that cu = 1 and cw = 2. Moreover, there exists an edge ek = (w, x) in
G. Since Gl is semi-regular, cek = cw + cx − 2 = cei = cu + cv − 2, which implies
cx = 1. Since G is connected, G must be a path of order 4. 
Lemma 3.5. Let G be a connected mixed graph without loop. Then Gl is regular if
and only if G is regular or semi-regular.
Proof. It is obvious for sufficiency. We now prove necessity. We may assume that G
is not regular. Then there exists an edge e = (u,w) ∈ E(G) such that cu /= cw. De-
fine V1 = {v, d(u, v) is even}, V2 = {v, d(u, v) is odd}, where the distance d(u, v)
is the length of a shortest path joining u and v. Then V1 and V2 are a partition of
G. For any v ∈ V1, there exists a path u, v1, . . . , vk = v, where k is even. Since Gl
is regular, cu + cv1 − 2 = cv1 + cv2 − 2 = · · · = cvk−1 + cv − 2 which yields cu =
cv2 = · · · = cv . Similarly, for v ∈ V2, we have cv = cw. Hence G is semi-regular.

4. The Laplacian spectral radius of a mixed graph
In order to obtain upper bounds for the Laplacian spectral radius of a mixed graph,
we need the following lemma in [4].
Lemma 4.1. Let G be a connected simple graph (i.e., a mixed graph without ori-
ented edges or loops) and cu be the degree of a vertex u. Then the largest eigenvalue
λ1(A(G)) of the adjacency matrix of G satisfies
λ1(A(G))  max
uv∈E(G)
{√
cucv
}
, (4)
where E(G) is the edge set of G. Moreover, equality in (4) holds if and only if G is
regular or semi-regular.
Theorem 4.2. Let Gl be the line graph of a connected mixed graph G without loop.
Then the largest eigenvalue λ1(A(Gl)) of the adjacency matrix of Gl satisfies
λ1(A(G
l))  max
{√
(cu + cv − 2)(cv + cw − 2)
}
, (5)
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where the maximum is taken over all pairs (u, v), (v,w) ∈ E(G) with u /= w. More-
over, equality in (5) holds if and only if Gl is pre-bipartite and regular or semi-
regular.
Proof. Since the absolute value of any entry (x, y)th in A(Gl) is no more than
the corresponding value of (x, y)th in |A(Gl)| which is a nonnegative matrix, we
have λ1(A(Gl))  λ1(|A(Gl)|) by Wielandt’s Theorem (see [3, Theorem 2.2.14],
for example). Clearly, the degree of a vertex e = (u, v) ∈ E(G) in Gl is cu + cv − 2
and |A(Gl)| is regarded as the adjacency matrix of the underlying graph ofGl . Hence
(5) follows from Lemma 4.1.
Moreover, by Lemma 4.1, equality in (5) holds if and only if λ1(A(Gl)) =
λ1(|A(Gl)|) and Gl is regular or semi-regular. Hence the assertion follows from
Theorem 3.2. 
We present two sharp upper bounds for the Laplacian spectral radius of a mixed
graph.
Theorem 4.3. Let G be a connected mixed graph without loop. Then
λ1(L(G))  max
{
2 +√(cu + cv − 2)(cv + cw − 2)} , (6)
where the maximum is taken over all pairs (u, v), (v,w) ∈ E(G) with u /= w. More-
over, equality in (6) holds if and only if G is one of the following graphs:
(i) G is pre-bipartite and regular;
(ii) there exists a partition of V (G) = V11 ∪ V12 ∪ V21 ∪ V22 such that every edge
between V11 and V22 or between V12 and V21 is oriented and every edge be-
tween in V11 and V12 or between V21 and V22 is unoriented. Moreover, the
degrees of vertices in V11 ∪ V21 and in V12 ∪ V22 are the same, respectively.
(iii) G is a path of order 4.
Proof. SinceM(G)M(G)t andM(G)tM(G) have the same nonzero eigenvalues, we
have λ1(L(G)) = λ1(K(G)). By Lemma 3.1, λ1(L(G)) = 2 + λ1(A(Gl)). Clearly,
the degree of a vertex e = (u, v) ∈ E(G) in Gl is cu + cv − 2. Then (6) follows from
Theorem 4.2.
Moreover, by Theorem 4.2, equality in (6) holds if and only if Gl is pre-bipartite
and regular or semi-regular; if and only if G is one of the following graphs: (i) pre-
bipartite and regular, (ii) pre-bipartite and semi-regular, (iii) a path of order 4, where
the last assertion follows from Lemmas 3.4, 3.5, and Theorem 3.2. For a pre-bipartite
semi-regular graph, there exists a partition of V (G) = V1 ∪ V2 such that every edge
between V1 and V2 is oriented and every edge within V1 or V2 is unoriented. We
may choose a vertex u ∈ V1 and define V11 = {v ∈ V1, d(u, v) is even}, V12 = {v ∈
V1, d(u, v) is odd}, V21 = {v ∈ V2, d(u, v) is even} and V22 = {v ∈ V2, d(u, v) is
odd}. Since G is semi-regular, there are no edges between V11 and V21, or between
V12 and V22. Hence V11 ∪ V21 and V12 ∪ V22 is a bipartite partition of V (G) and the
degrees of vertices in each partitions are the same, respectively. 
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Corollary 4.4. Let G be a simple graph. Then
λ1(L(G))  max
{
2 +√(cu + cv − 2)(cv + cw − 2)} , (7)
where the maximum is taken over all pairs uv, vw ∈ E(G) with u /= w. Moreover,
equality in (7) holds if and only if G is a bipartite regular graph, or a semi-regular
graph, or a path of order 4.
Proof. It directly follows from Theorem 4.3. 
Remark. Obviously, Corollary 4.4 improves the main result in [7].
Let mu be the average 2-degree of a vertex u, i.e., mu is the average of the degrees
of the vertices adjacent to a vertex u (see [10], for example).
Theorem 4.5. Let G be a connected mixed graph without loop. Then
λ1(L(G))  max
(u,v)∈E(G)
{
cu(cu +mu)+ cv(cv +mv)
cu + cv
}
. (8)
Moreover, if G is pre-bipartite and regular or semi-regular, equality in (8) holds.
Proof. By Lemma 3.1, we have λ1(L(G))  2 + λ1(|(A(Gl)|) = λ1(2I+|A(Gl)|),
where I is the identity matrix. Clearly, 2I + |A(Gl)| is an irreducible nonnegative
matrix. Define a positive vector x = (xe, e ∈ V (Gl)), where xe = cu + cv if e =
(u, v) ∈ E(G). Then the eth component of (2I + |A(Gl)|)x is equal to
=
∑
ej∈V (Gl)
|be,ej |xe =
∑
(e,ej )∈E(Gl)
xej + 2xe
=
∑
(u,w)∈E(G), w /=v
(cu + cw)+
∑
(v,w)∈E(G), w /=u
(cv + cw)+ 2(cu + cv)
= cu(cu +mu)+ cv(cv +mv).
Now the assertion follows from Collatz–Wielandt’s function on the nonnegative ma-
trix theory (see [3], for example).
Moreover, if G is pre-bipartite, then λ1(L(G)) = λ1(K(G)) = 2 + λ1(|(A(Gl)|)
by Lemma 3.1 and Theorem 3.2. Note that |A(Gl)| can be regarded as the adjacency
matrix of the underlying graph of Gl . We assume that G is d-regular or (p, q)-semi-
regular. Then each row sum of |A(Gl)| is 2d − 2 or p + q − 2 which implies that
the largest eigenvalue of |A(Gl)| is 2d − 2 or p + q − 2. Hence for a pre-bipar-
tite d-regular graph, we have λ1(L(G)) = 2 + 2d − 2 = 2d , while cu = mu = d for
u ∈ V (G) which yields
cu(cu +mu)+ cv(cv +mv)
cu + cv = 2d.
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Fig. 1.
Table 1
λ1(L(G)) Bound in (6) Bound in (8)
G1 4.157 4.236 4.500
G2 4.732 5.000 4.800
So equality in (8) holds for a pre-bipartite regular graph. For a pre-bipartite (p, q)-
semi-regular graph, we have λ1(L(G)) = p + q, while cu = p, cv = q,mu = q,
mv = p for (u, v) ∈ E(G) which yields
cu(cu +mu)+ cv(cv +mv)
cu + cv =
p(p + q)+ q(q + p)
p + q = p + q.
So equality in (8) holds for a pre-bipartite semi-regular graph. 
Remark. The two sharp upper bounds (6) and (8) for the Laplacian spectral radi-
us of a mixed graph are incomparable, in general, as we will see in the following
example.
Example. Let G1 and G2 be connected mixed graphs of order 8 and 6, respectively,
as shown in Fig. 1.
The Laplacian spectral radii of two connected mixed graphs G1 and G2 and their
upper bounds are shown in Table 1.
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